We consider acoustic propagation through a slab in which rapidly-varying random plane layering has been subjected to smooth small amplitude undulations. The re ection and transmission properties of such a locally-layered slab are studied. Of principal interest is the question of the robustness of the plane layered theory. Do phenomena such as localization and the results of O'Doherty-Anstey theory persist under perturbations of plane layering? We establish some results a rming the robustness of these phenomena.
Introduction
The study of wave propagation in disordered or random media has been extensively pursued, being motivated by applications in many of the physical sciences. References 1 , 2 and 3 provide an overview of some recent activity. A sizable portion of this work has been focussed upon the study of one-dimensional models. Such models have relevance to geophysical applications; they are also the most tractable mathematically.
One-dimensional random wave propagation exhibits some striking features. Coherent m ultiple scattering, induced by the uctuations in the underlying random medium, suppresses transmission and e ectively localizes the wave c.f. 4 , 5 . If the random medium uctuations are weak, the corresponding transmission length scale, or localization length, is large. O'Doherty and Anstey 6 discovered that in this regime, a pulse, observed in a Lagrangian frame moving with the appropriate random velocity, will appear to retain its shape up to a slow spreading; references 7, 8, 9, 14 provide further insight i n to this O'Doherty-Anstey phenomenon.
The question of robustness naturally arises. Do these phenomena persist under modest geometric perturbations of the underlying random layering? The di culty inherent in providing an answer to this question lies in the fact that such geometric perturbations, no matter how modest, destroys transverse homogeneity and forces one to deal with stochastic partial, rather than ordinary, di erential equations.
In 15 we studied extensively the problem of acoustic wave propagation in a rapidly-varying plane layered slab. A small parameter " was used to delineate three relevant length scales. The largest scale or macroscale e.g. the slab thickness L w as assumed to be O1. The acoustic wavelength de ned an intermediate O" length scale while the correlation length of the random layering was assumed to vary on the smallest O" 2 scale. On the one hand, therefore, the wavelength of the acoustic radiation was assumed to be small relative t o the scale on which deterministic variations in the slab constitutive parameters occurred, so geometric acoustics might reasonably be expected to play an important role. On the other hand, the acoustic wavelength was assumed to span many correlation lengths and one might further expect this scaling to produce a meaningful probabilistic limit asymptotically as " ! 0. These expectations were indeed realized in 15 . The multiple scattering induced by the random layering created localization phenomena which profoundly a ected the re ection and transmission properties of the slab. The O'Doherty-Anstey phenomenon was also shown to follow f r o m a w eak-uctuation variant of this model. In 17 we studied the re ection and transmission of elastic, time harmonic plane waves by randomly layered media, especially mode conversion by the inhomogeneities. In 18 we extended the statistical inverses theory for randomly layered media of 15 to the case of acoustic wave pulses generated by a point source.
In this paper our goal is to test the robustness of this theory with respect to perturbations in the layering geometry. In other words, will the essential features of the theory be preserved if we introduce gentle deformations undulations or other reasonably small perturbations into the plane layering structure? We shall refer to this deformed geometry as a locally layered medium. The O'Doherty-Anstey phenomenon is analyzed for a di erent class of locally layered random media by 14 . The deterministic background uctuations are not small in amplitude but they are slowly
varying.
In what follows, we extend much of the development of 15 to the more complicated locally layered setting, adhering closely to the setup and notation of that paper. In Section 2 the acoustic problem in a locally layered geometry is formulated, and scales are delineated in terms of the small parameter " as described above. We assume a generalization of the plane-layered model that allows for small spatially-varying deviations in the direction of the random layering and also allows for some small, but fully three-dimensional nonrandom variations in the background. As will be shown, this generalization of the model does produce interesting leading order, three-dimensional spatial dependences in the nal results.
In Sections 3 and 4 the quantities of interest, i.e. the re ected and transmitted pressure waves, are expressed in terms of re ection and transmission operators. In Section 5 the basic conservation relations for these operators are derived, and in Section 6, a limit for the operators is obtained, valid as " 0. This stochastic limit is conveniently expressed in terms of Ito "white noise" equations, and it is from these governing Ito equations that all the relevant statistics are derived in the remainder of the paper. We c heck, in Section 7, that this stochastic limit for the operators does indeed reduce to the strictly plane layered theory of 15 when the appropriate expressions are set equal to zero.
In Sections 8, 9 and 10 we investigate, both for re ected and transmitted waves, the coherent eld, the space and time correlation functions, and the localization length. A generalized O'Doherty-Anstey theory is presented in Section 11, also for both transmitted and re ected waves.
For all these cases, the main qualitative features of the strictly plane-layered theory survive the three-dimensional perturbations, although some O1 three-dimensional e ects can be observed.
Problem Formulation and Scaling
As in 15 , let x; y be coordinates transverse to an initially unperturbed plane layering with the scattering region in the interval ,L z 0. To de ne the locally layered geometry, we i n troduce the coordinate transformation x 0 = x; y 0 = y; z 0 = z + " x; y; z;
where is a smooth and bounded function. The undulations are de ned by the surfaces z 0 = constant and exhibit an O" w avelength scale amplitude variation over O1 macroscale transverse distances.
We are primarily interested in the multiple scattering properties of the bulk locally layered material. Therefore, we shall model the problem so as to eliminate interface complications. We shall atten the undulations at both ends of the slab by assuming x; y; ,L = x; y; 0 = 0 2.2 so that z 0 = z at ,L and 0. The half-spaces z ,L and z 0 will be assumed to beconstant and homogeneous acoustic media. In z 0, the density, bulk modulus and sound speed will be denoted by 0 ; K 0 and c 0 , respectively with K 0 = 0 c 2 0 . The subscript 2 will beused to index their constant counterparts in z ,L. In the randomly undulating slab region ,L z 0, the subscript 1 will be used. As in 15 , the density will be assumed to be constant, i.e. = 1 . The bulk modulus will be modeled as K ,1 = K ,1 1 1 + z 0 =" 2 + "K ,1 11 x 0 ; y 0 ; z 0 ; ,L z 0 0;
where K 1 is a constant, K 11 is a deterministic spatially-varying perturbation and is a zero mean, stationary stochastic process bounded in modulus by a constant less than one. Since it is a function of z 0 =" 2 , the process decorrelates on the smallest O" 2 spatial scale in a direction perpendicular to the undulations.
We shall assume that acoustic energy is incident upon the random slab from above. For the present discussion, we shall assume that this radiation is emitted by a point source located at 0; 0; z s and having orientation de ned by the unit vector e. Then the governing acoustic equations for pressure p and particle velocity u are c. with x 0 ; y 0 and z 0 de ned by 2.1. The function f in 2.4a de nes the pulsed temporal signal emitted by the point source; the " 1=2 factor makes the total energy released by the pulsed point source independent o f ".
We begin by rewriting equations 2.4, within the source-free slab region, in terms of the primed variables. Let u j ; j = 1 ; 2; 3, denote the three components of particle velocity in the xed, unprimed Cartesian system. Let a function be de ned in terms of the inverse map as follows x = x 0 ; y = y 0 ; z = z 0 , "x 0 ; y 0 ; z 0 ; " :
Note from 2.1 that satis es the functional equation:
x 0 ; y 0 ; z 0 ; " = x 0 ; y 0 ; z 0 , "x 0 ; y 0 ; z 0 ; " :
In the slab region ,L z 0 0, the component acoustic equations become 1 u ,L z 0 0 :
2.10
For simplicity of notation, we shall now drop the primes and the 3 -superscript. As in equation In the homogeneous half-space below the slab, i.e. z ,L, the radiation condition requiring the waves to be downward-propagating leads to A = 0 . We shall assume that the slab e ective medium is matched to the upper homogeneous half-space, i.e. that 1 = 0 . This condition suppresses deterministic coherent re ections from the upper interface, z = 0. All energy returning to the upper half-space from the slab will do so because of multiple scattering by the undulating layers In some of the subsequent discussions, we shall consider plane wave excitation. For those cases, the second of boundary conditions 2.20 will be appropriately changed. 6.5
The limit, roughly speaking, combines the dynamics of the Central Limit Theorem and the Method of Averaging. Therefore, the noise terms in 6.4 that are multiplied by the rapidlyvarying phase factor become asymptotically independent of the noise term that has no such factor. This problem is, in fact, the limit problem for the plane-layered random slab 2.32 and 3.1 of We can make these observations more explicit by using a Stationary Phase approximation to evaluate 8.4. For simplicity, assume that z s = 0, i.e. that the point source lies on the interface at the origin. In that case we obtain hp re t; x; 0i p ", I ,L sin 2 Fig. 3 .1 in 15 . The only di erence between 8.5 and the comparable expression for the plane-layered coherent return is the phase shift caused by the bulk modulus perturbation K 11 . In particular, the Gaussian spreading factor L is not a ected by the three dimensional deterministic perturbations. 8.11
The factor e ,2! 2 nnL accounts for the attenuation of the coherent transmitted wave due to scattering by the random microstructure. The function , de ning the undulations, again does not contribute to the phase integral, due to the fact that vanishes at both interfaces. The phase integral itself amounts to an integration of perturbation K ,1 11 8.14 1 L is de ned by 8.6, and 2 is de ned by 8.7. Note that in 8.12, the phase integral is taken along the linear ray path connecting the source at the origin and the exiting point a t x; ,L.
Pressure Correlations
We now consider two-point, two-time pressure correlations. To simplify matters, we shall, as in In the random plane-layered problem, the re ected pressure would also be a plane wave. In our case, the undulations and bulk modulus perturbations impart a complex transverse spatial structure to the re ected pressure through the presence of , in 9. The two-point, two-time correlation function for the re ected pressure assumes the form hp re t + " 2 t; x + " 2 x; 0p re t , " 2 t; x , " 2 x; 0i = 1 
Conclusions
We have con rmed the robustness of the random plane layered theory of acoustics by obtaining qualitatively similar results from a model that has three dimensional perturbations. This perturbed model allows for small spatial dependence of the background bulk modulus, and for small spatial deviations in the normal to the random layers. These deviations from plane layers produce O1 e ects on many of the statistics of interest.
For the generalized O'Doherty-Anstey theory, and for the re ected and transmitted coherent elds, only the variations of the background have an e ect, to leading order and not on the Gaussian spreading rate. However, all the spatial variations have a leading order e ect in computing the space and time correlation functions of the re ected and transmitted pressure waves at non-normal incidence. For these correlations, a system of moment equations was derived. These moment equations are qualitatively similar to what is obtained in the plane layered case, but with new terms that are dependent on the three-dimensional e ects.
However, when the incident w ave is normal to the layering, a remarkable robustness is obtained for the coherent eld and for the time autocorrelation function of re ected or transmitted pressure at a single point in space. In these cases all three-dimensional e ects vanish, and leading order results identical to the plane layered case are reproduced exactly. A related robustness result is obtained for the localization length, which, at normal incidence, is identical to that in the strictly plane layered theory. Thus despite the nontrivial deviation from a one-dimensional model, the localization phenomenon, at normal incidence, is preserved quantitatively as well as qualitatively.
